A new approach describing the third -order aberration fields of simple tilted and decentered optical systems (plane -parallel plate, wedge, mirror, including aspherics, and thin lens) is presented.
Introduction
An aberration theory of perturbed optical systems has been developed by K. Thompson' from earlier work by R. Shack. This theory has made it possible to develop an understanding of all the aberration terms through fifth order in tilted and decentered systems. The emphasis was on studying each term in the wave aberration expansion without specifying the system. This paper presents the results of an application of the aberration theory of perturbed optical systems to the simple optical components which can be used as elements in larger tilted and decentered systems.
The purpose of this paper is to develop useful insights in understanding the behavior of third -order aberrations of simple systems over the entire field.
It will allow the designer to lay out the system, balance third -order aberrations and use the designed system as starting point for a computer optimization program.
Various methods of designing systems with tilted and decentered components were described in the past.
Most of them dealt with aberrations at the center of the image field or in the meridional plane.
Since a vector form of the wave aberration expansion was used in this work, the tilts and decenters of the components were not restricted to be coplanar, and the aberrations are described over the entire field.
As was pointed out by K. Thompson,2 in a perturbed optical system the centers of each surface contribution to the aberration field are displaced from the center of the image field and can be found by locating the center of curvature of the surfaces and the centers of all of the images of the entrance pupil of the system with respect to some reference axis. This is done by tracing optical axis ray (OAR) (the ray which passes through the center of the object /image fields and pupils) through the perturbed system.
Then the center of the surface contribution to the aberration field is located by vector i which indicates where the line connecting the center of curvature of surface j to the exit pupil for the surface j intersects the Gaussian image plane, measured from the OAR.
In a perturbed optical system the paraxial properties are unaffected by tilts and decenters.
This means that they do not affect the aberration coefficients, instead they modify the behavior of the aberration field dependence.
The properties of each aberration term in the wave aberration expansion of a perturbed optical system were described by K. Thompson in great detail.
In this work we applied these concepts and developments to determine the properties of aberration fields of such simple optical systems as the plane -parallel refractive plate, the thin refractive prism, the mirror and the thin lens. This paper will present the first-and third-order properties of each component.
To illustrate how to use these properties in the design process we will discuss a few interesting special cases involving combinations of the components.
Comparison to real ray trace results will be shown in some examples.
The plane -parallel refractive plate
Since the plane -parallel plate has no power, as an image forming system, it is not very interesting by itself.
It is usually used as a component in a system and we will examine
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In this work we applied these concepts and developments to determine the properties of aberration fields of such simple optical systems as the plane-parallel refractive plate, the thin refractive prism, the mirror and the thin lens. This paper will present the first-and third-order properties of each component.
The plane-parallel refractive plate
Since the plane-parallel plate has no power, as an image forming system, it is not very interesting by itself.
It is usually used as a component in a system and we will examine it in this context.
A convenient reference axis in this case is the optical axis of the system containing the plate.
If the plate is located in a space where the object or image is at infinity, it does not introduce any aberrations.
In a telecentric space (pupil at infinity), the plate does introduce aberrations, but they are constant over the field.
We will consider the tilted plane -parallel plate in the space where both the image and the pupil are at finite distances.
We know that in this case the center of the image and the pupil will be displaced from the reference axis.
There is also a longitudinal displacement of the image and pupil planes.
The tilt of the plate does not introduce the tilt of the Gaussian image plane.
Since the surfaces of the plate are parallel, each surface will produce the same displacement of its center of the aberration field. This displacement will be in the same direction as the image /pupil displacement and its magnitude in the given system is determined by the tilt of the plate.
The relative (normalized by the image height) displacement, measured from the OAR is given by
i where i* is the angle of incidence of the OAR on the surface, and i is the angle of incidence of the chief ray on the surface in the centered system.
The center of the aberration field contribution for each surface of the tilted plate lies on the normal to both surfaces passing through the center of the pupil, as can be seen from Figure 1 .
All third -order aberrations will have a common center (the node).
If we change the tilt angle, the aberration center will move to a new point, as will the center of the image /pupil.
The magnitude of aberrations with respect to the new center will not change (since it depends only on the first -order properties of the system and the thickness and refractive index of the plate), but the magnitude of aberrations on the reference axis will change.
If we place a second plate in the system, it will introduce additional displacements of the image /pupil and the center of aberrations.
The net displacement of the image field can be found by adding the component displacements vectorially.
The centers of the aberration fields for each plate are displaced from the net center of the field independently.
The result of tilting the plane -parallel plate in the system with aberrations of its own is to displace the center of the image field and to split the common center of aberrations due to the system and the plate.
The resulting aberration fields, in general, will be as follows.
The coma field will be the ordinary linear field shifted in the image plane, astigmatism will be binodal, and distortion will have three third -order nodes. Spherical aberration is not affected by the tilt. The magnitude and location of the nodes of these resulting aberration fields will depend on the magnitudes of the component fields and the tilt angle of the plate.
By varying the tilt of the plate we can vary the location of the nodes and the magnitude of aberrations at the center of the field.
We demonstrate the use of described properties in the design process by examining a case of two identical plane -parallel plates placed in the system with aberrations which balance the aberrations of the plates when they are not tilted.
If we tilt the plates in the same plane and in opposite direction by the same angle, the center of the image field will not move from the reference axis, but the centers of aberrations due to each plate will be displaced by equal amounts in opposite directions.
Since the aberrations due to each plate have equal magnitude and the same sign, the coma field will have its node midway between the aberration centers (at the center of the field) due to the fact that at that point the coma contributions are the same in magnitude and opposite in directions.
Everywhere else the magnitude of the coma field is twice the magnitude of that due to either plate.
To find the node for astigmatism, we must find a point in the field where the corresponding line foci of the component fields are normal to each other and have the same magnitude.
It is easy to see that in this case there are two such points.
Therefore, the astigmatism due to two plates is binodal with the nodes located on the line normal to the line connecting two aberration centers and passing midway between them (the center of the image field). Now if we add the aberrations of the system, we can see that the resulting coma is zero across the entire field, since the component fields have equal magnitude and opposite sign. The regular quadratic astigmatism of opposite sign and centered in the image field added to binodal astigmatism of the plates will produce a constant field astigmatism.
If we cross tilt the plates, the centers of aberrations and the image fields will be displaced from the reference axis orthogonally.
The coma field of two plates will have a node midway between the centers of the component fields (the component fields no longer cancel at the center of the image field) . Astigmatism will again be binodal with one of the nodes at the center of the field.
Adding the aberration fields of the system will If the plate is located in a space where the object or image is at infinity, it does not introduce any aberrations.
We will consider the tilted plane-parallel plate in the space where both the image and the pupil are at finite distances.
The tilt of the plate does not introduce the tilt of the Gaussian image plane. Since the surfaces of the plate are parallel, each surface will produce the same displacement of its center of the aberration field.
This displacement will be in the same direction as the image/pupil displacement and its magnitude in the given system is determined by the tilt of the plate.
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We demonstrate the use of described properties in the design process by examining a case of two identical plane-parallel plates placed in the system with aberrations which balance the aberrations of the plates when they are not tilted.
Everywhere else the magnitude of the coma field is twice the magnitude of that due to either plate. To find the node for astigmatism, we must find a point in the field where the corresponding line foci of the component fields are normal to each other and have the same magnitude.
It is easy to see that in this case there are two such points. Therefore, the astigmatism due to two plates is binodal with the nodes located on the line normal to the line connecting two aberration centers and passing midway between them (the center of the image field). Now if we add the aberrations of the system, we can see that the resulting coma is zero across the entire field, since the component fields have equal magnitude and opposite sign. The regular quadratic astigmatism of opposite sign and centered in the image field added to binodal astigmatism of the plates will produce a constant field astigmatism.
The coma field of two plates will have a node midway between the centers of the component fields (the component fields no longer cancel at the center of the image field).
Astigmatism will again be binodal with one of the nodes at the center of the field.
Adding the aberration fields of the system will produce a constant coma oriented 45°to the directions of the tilts of each plate.
Since the system was corrected for astigmatism before the plates were tilted, we should expect the astigmatism to be either linear or constant. But we can see immediately that at the center of the image field astigmatism will be zero, since at this point are located the node at binodal astigmatism due to the plates and the center of quadratic astigmatism of the system.
The other node of binodal astigmatism will have astigmatism due to the system. Therefore the total astigmatism is linear with the node located at the center of the field.
The location of the aberration field centers and the nodes in both cases are shown in Figures 2 and 3.
Therefore with one or two tilted plane -parallel plates we can not have both axial coma and astigmatism zero in the system.
It will require a minimum of three plates. Location of the aberration field centers and the nodes for plates tilted in the same plane.
The wedge
When the angle between the faces of a thin refractive prism is small, it is customary to call it a wedge.
We can derive the wedge from a plane -parallel plate by having the surfaces tilted by amount ±a/2, where a is the vertex angle of the wedge. The plane bisecting the vertex angle of the wedge is the plane of symmetry. When we refer to tilted wedge, we refer to tilt of this plane with respect to the reference axis, which is again the optical axis of the system. The wedge, placed in the system also introduces displacement of the image /pupil plane which depends on the tilt, thickness and refractive index of the wedge.
In addition this displacement depends on the position of the wedge in the system, i.e., on the distance to the object /pupil plane.
Unlike for the plate, the Gaussian image plane will be tilted by the wedge.
This tilt depends on the vertex angle and refractive index and does not depend on the wedge tilt.
Since the wedge surfaces are not parallel, each surface will displace the aberration field center to a different point in the field. A unique property of the wedge is that the separation of the aberration centers is constant and independent of tilt.
For a given system it depends only on the vertex angle of the wedge and its refractive index.
It is given by a 2 -al = ná/ü, (2) where U is the chief ray angle preceeding the wedge. When we change the tilt of the wedge, the aberration centers move as a pair with constant separation. Also we can see that there is a particular tilt of the wedge (minimum deviation angle) such that the aberration centers are displaced symmetrically about the center of the image field.
In this case, the optical axis ray goes symmetrically through the wedge.
The displacements of the image /pupil and the aberration field centers produced by the wedge are shown in Figure 4 .
In spite that each surface of the wedge displaces the aberration field center by different amount there is some symmetry.
All third -order nodes of the aberration fields will lie on the same line which connects the aberration centers and passes through the center of the field. The location of the nodes is shown in Figure 5 . By varying the tilt of the wedge we can move the nodes in the field. It follows directly from here that we can find tilts such that either the coma node or one of the astigmatic nodes is at the center 130 / SP /E Vol 554 International Lens Design Conference (1985) produce a constant coma oriented 45° to the directions of the tilts of each plate.
Since the system was corrected for astigmatism before the plates were tilted, we should expect the astigmatism to be either linear or constant.
But we can see immediately that at the center of the image field astigmatism will be zero, since at this point are located the node at binodal astigmatism due to the plates and the center of quadratic astigmatism of the system. The other node of binodal astigmatism will have astigmatism due to the system. Therefore the total astigmatism is linear with the node located at the center of the field. The location of the aberration field centers and the nodes in both cases are shown in Figures 2 and 3.
Therefore with one or two tilted plane-parallel plates we can not have both axial coma and astigmatism zero in the system. It will require a minimum of three plates. Location of the aberration field centers and the nodes for plates tilted in the same plane.
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The wedge
We can derive the wedge from a plane-parallel plate by having the surfaces tilted by amount ±5/2, where 5 is the vertex angle of the wedge.
The plane bisecting the vertex angle of the wedge is the plane of symmetry.
When we refer to tilted wedge, we refer to tilt of this plane with respect to the reference axis, which is again the optical axis of the system. The wedge, placed in the system also introduces displacement of the image/pupil plane which depends on the tilt, thickness and refractive index of the wedge.
In addition this displacement depends on the position of the wedge in the system, i.e., on the distance to the object/pupil plane.
It is given by a 9 -a, = (2) where u" is the chief ray angle preceeding the wedge. When we change the tilt of the wedge, the aberration centers move as a pair with constant separation. Also we can see that there is a particular tilt of the wedge (minimum deviation angle) such that the aberration centers are displaced symmetrically about the center of the image field.
The displacements of the image/pupil and the aberration field centers produced by the wedge are shown in Figure 4 .
All third-order nodes of the aberration fields will lie on the same line which connects the aberration centers and passes through the center of the field.
The location of the nodes is shown in Figure 5 . By varying the tilt of the wedge we can move the nodes in the field.
It follows directly from here that we can find tilts such that either the coma node or one of the astigmatic nodes is at the center of the image field. The condition when coma node and center of symmetry for astigmatism are at the center of the image field is
The tilts of the wedge when one of the astigmatic nodes is at the center of the field can be found as = -n2á (t + ) [1 + t /n(u + t /2) ± /1 + t /n(x + t /2)] + I. (4) Here is the wedge tilt angle, n is its refractive index, t is the wedge thickness along the reference axis and L is the distance from the plane of symmetry of the wedge to the object plane. Displacement of the image /pupil and the aberration field centers produced by the wedge.
Equations 3 and 4 indicate that if we move the wedge keeping the ratio t/x constant, (sliding the dihedral line of the wedge along the line connecting the vertex of the wedge with the center of the object) the nodes will not move, but the magnitude of all aberrations will change (since the wedge thickness along the reference axis changes).
Or we can vary the node separation by moving the wedge along the reference axis keeping its thickness and tilt fixed.
The magnitude of total aberrations will not change, since the thickness does not change.
If we move the wedge transversely keeping the tilt and distance to the object fixed, we can vary the abberation totals and the node separation as well. Obviously, with the wedge one has more variables to control aberrations then in the case with the tilted plane -parallel plate.
Another very useful way to look at the wedge is as a plane -parallel plate with thin (t = 0) wedge added to it.
The effect of adding this thin wedge is to move the center of the image to the new point in the field and split the center of plate aberrations on two centers due to each surface of the wedge.
Using this approach, it is easy to find the centers of the aberration fields for the wedge surfaces when the tilt of the wedge is not coplanar with its vertex angle. This is illustrated in Figure 6 .
As for the plate an interesting case to examine would be a case of placing two wedges into the system with aberrations which balance the aberrations of two untilted equivalent plane -parallel plates (plates of the same thickness).
We can tilt one wedge to place the center of symmetry of all aberrations due to this wedge at the center of the image field.
For the other wedge, we can find the location where t /2. is the same and tilt it with respect to the optical axis ray by the same angle.
Then coma fields and binodal astigmatic fields due to both wedges will be superimposed exactly.
Then total (including the system) coma will be zero across the entire field, and astigmatism will be constant in magnitude and orientation across the field.
If we tilt the wedges to place one of the astigmatic nodes due to both wedges in the center of the image field, again keeping the ratio t/k the same, it will produce constant coma and linear astigmatism with the node at the center of the field as total aberrations. Now if we place the wedges as close to each other as possible to keep the difference in aberration magnitudes of the component fields small, the magnitude of total constant coma and linear astigmatism will be small too. The Gaussian image plane is not tilted with respect to the reference axis in this case because the vertex angles of both wedges are equal in magnitude and opposite in sign.
For the cross -tilted wedges, in first case coma will be zero across the field as before. Astigmatism will be small constant astigmatism, if the wedges are close to each other. of the image field. The condition when coma node and center of symmetry for astigmatism are at the center of the image field is Jj .
The tilts of the wedge when one of the astigmatic nodes is at the center of the field can be found as 1 + t/nU + t/ 2 ) ± /I + t/nU + t/~)J + |.
Here £ is the wedge tilt angle, n is its refractive index, t is the wedge thickness along the reference axis and a is the distance from the plane of symmetry of the wedge to the object plane. Equations 3 and 4 indicate that if we move the wedge keeping the ratio t/J6 constant, (sliding the dihedral line of the wedge along the line connecting the vertex of the wedge with the center of the object) the nodes will not move, but the magnitude of all aberrations will change (since the wedge thickness along the reference axis changes).
If we move the wedge transversely keeping the tilt and distance to the object fixed, we can vary the abberation totals and the node separation as well. Obviously, with the wedge one has more variables to control aberrations then in the case with the tilted plane-parallel plate.
Another very useful way to look at the wedge is as a plane-parallel plate with thin (t = 0) wedge added to it.
The effect of adding this thin wedge is to move the center of the image to the new point in the field and split the center pf plate aberrations on two centers due to each surface of the wedge.
As for the plate an interesting case to examine would be a case of placing two wedges into the system with aberrations which balance the aberrations of two untilted equivalent plane-parallel plates (plates of the same thickness) .
We can tilt one wedge to place the center of symmetry of all aberrations due to this wedge at the center of the image field. For the other wedge, we can find the location where t/£ is the same and tilt it with respect to the optical axis ray by the same angle. Then coma fields and binodal astigmatic fields due to both wedges will be superimposed exactly.
If we tilt the wedges to place one of the astigmatic nodes due to both wedges in the center of the image field, again keeping the ratio t/£ the same, it will produce constant coma and linear astigmatism with the node at the center of the field as total aberrations. Now if we place the wedges as close to each other as possible to keep the difference in aberration magnitudes of the component fields small, the magnitude of total constant coma and linear astigmatism will be small too.
The Gaussian image plane is not tilted with respect to the reference axis in this case because the vertex angles of both wedges are equal in magnitude and opposite in sign.
For the cross-tilted wedges, in first case coma will be zero across the field as before. Astigmatism will be small constant astigmatism, if the wedges are close to each other. The second case will also produce constant coma and linear astigmatism, but the orientation of aberrations in the field is different from the case described above.
The Gaussian image plane is tilted in this case because now the vertex angles of the wedges are not coplanar.
Therefore we can say that, if we have a system with the plane -parallel plate where the total aberrations are corrected, we can split that plate into two wedges, tilt and place them in the manner described above and the aberrations will stay practically corrected. For a single spherical mirror, aberrations can be described as ordinary aberrations always centered on the line passing through the pupil center and the center of curvature.
The location of the aberration center for a surface depends on the position of the pupil as shown in Figure 7 .
We will consider a special case, when the pupil is at the center of curvature (i = 0). In the centered system, the only aberration introduced by this surface will be spherical aberration.
If the pupil center is displaced from the center of curvature of the surface, third -order spherical aberration term will generate the aberrations uniform over the field. These are constant coma, astigmatism, field curvature and distortion.
In this case, the aberration center for this surface lies at infinity.
The system of two tilted and decentered spherical mirrors can be treated as a system centered on the line passing through both centers of curvature with decentered pupil or as a system perturbed with respect to a reference axis.
In both cases third -order aberrations can be described as follows. Spherical aberration does not change. The coma field is linear and shifted in the image plane, astigmatism is binodal and distortion has three third -order nodes.
In general, there is no symmetry.
Another interesting case to examine is the case of two cross -tilted spherical mirrors arranged as shown in Figure 8 .
Consider two concave spherical mirrors with common center of curvature at point Q'.
Let the line 0102 passing through point Q' be the reference axis.
We can tilt the first mirror about point Olby an angle A1. The second mirror is tilted about point 02 by an anglet in orthogonal direction. The object plane for the first mirror is chosen to be the plane containing both centers of curvature which is perpendicular to If If we choose the center of the object field for the first mirror to be at point Q, so that its image lies at point Q' (which is the object for second mirror), then third -order spherical aberration and coma of each mirror will be zero. The centers of the astigmatic field for each mirror will be displaced from the center of the image field resulting in total binodal astigmatism.
The location of the pupil does not change the aberration displacement vectors; it changes only the magnitude of distortion due to each mirror.
We can tilt the mirrors to place one of the astigmatic nodes of this binodal astigmatism at the center of the image field. The condition for that is given by 1' 2 -2q 1 = or (5) where A is the tilt angle of the mirror and $ is its power. Using equation 5, it is easy to find the tilt of second mirror (if the tilt of first mirror is given) to correct astigmatism on axis.
132 / SPIE Vol. 554 International Lens Design Conference (1985) second case will also produce constant coma and linear astigmatism, but the orientation of aberrations in the field is different from the case described above.
Therefore we can say that, if we have a system with the plane-parallel plate where the total aberrations are corrected, we can split that plate into two wedges, tilt and place them in the manner described above and the aberrations will stay practically corrected. Image and aberration field displacements from a plane-parallel plate with thin wedge added to it.
COMA AND DISTORTION NODES NODES OF BINODAL
The mirror A curved mirror has power and therefore can be treated as a system by itself. A spherical mirror does not have an axis; any line passing through the center of curvature can be treated as an axis.
For a single spherical mirror, aberrations can be described as ordinary aberrations always centered on the line passing through the pupil center and the center of curvature.
If the pupil center is displaced from the center of curvature of the surface, third-order spherical aberration term will generate the aberrations uniform over the field. These are constant coma, astigmatism, field curvature and distortion.
The system of two tilted and decentered spherical mirrors can be treated as a system centered on the line passing through both centers of curvature with decentered pupil or as a system perturbed with respect to a reference axis. In both cases third-order aberrations can be described as follows.
Spherical aberration does not change. The coma field is linear and shifted in the image plane, astigmatism is binodal and distortion has three third-order nodes. In general, there is no symmetry.
Another interesting case to examine is the case of two cross-tilted spherical mirrors arranged as shown in Figure 8 . Consider two concave spherical mirrors with common center of curvature at point Q 1 .
Let the line 0^ passing through point Q 1 be the reference axis.
We can tilt the first mirror about point Ojby an angle $ l . The second mirror is tilted about point O 2 by an angle $ 2 in orthogonal direction. The object plane for the first mirror is chosen to be the plane containing both centers of curvature which is perpendicular to C^C^. If we choose the center of the object field for the first mirror to be at point Q, so that its image lies at point Q 1 (which is the object for second mirror), then third-order spherical aberration and coma of each mirror will be zero. The centers of the astigmatic field for each mirror will be displaced from the center of the image field resulting in total binodal astigmatism.
We can tilt the mirrors to place one of the astigmatic nodes of this binodal astigmatism at the center of the image field. The condition for that is given by *2 -Ml
where 3 is the tilt angle of the mirror and <j> is its power. Using equation 5, it is easy to find the tilt of second mirror (if the tilt of first mirror is given) to correct astigmatism on axis. 
An aspheric mirror
We know that when an aspheric is added to a surface, all first -order properties (and the Petzval term) remain unchanged.
We also know that, if the pupil is not at or conjugate with the surface in the centered system, the aspherizing will introduce coma, astigmatism and distortion.
The aberration center of the aspheric contribution will be displaced from the center of the image field and will be centered along the line connecting the vertex of the aspheric cap with the center of the pupil. The relative displacement of the aberration field in the image plane due to the aspheric is given by
where OA is the displacement of the aspheric cap vertex from the reference axis, y* is the paraxial height at the surface for the OAR and y is the chief ray height at the surface in the centered system.
The aspheric surface can be treated as a system with two surfaces (the aspheric cap and the base sphere), each of them producing its own displacement of the aberration field center in the image plane.
A special case for the aspheric surface is when the aperture stop is at the surface (ÿ = 0).
Often (for example, in a reflecting telescopes), when this surface is tilted and decentered, the aspheric cap still remains centered relative to the stop.
Therefore the only effect of tilt and decenter in this case is to shift the base sphere aberration field center to a new point in the image field.
For off -axis aspherics, the aspheric cap is intentionally decentered with respect to the aperture stop. In this case the center of the aberration field due to the aspheric cap is at infinity and the aberrations, uniform over the field, will be generated due to the displacement of the aspheric cap vertex from the center of the stop.
As an example to demonstrate the approach described above applied to a two-asphericmirror system, we chose the misaligned Ritchey -Chretien telescope.
The stop is at the primary mirror and both spherical aberration and coma are corrected in the aligned system. If both mirrors are tilted and decentered, it is convenient to choose as reference axis the axis of the primary mirror (the line passing through the center of curvature and the vertex of the aspheric).
The stop will remain centered on this axis.
The effect of tilt and decentration of the secondary mirror is the introduction of coma which is constant in both magnitude and orientation across the field, and binodal astigmatism.
We can tilt the secondary mirror to make coma zero across the field. The condition for this is given by 14131á -W131AaA = 0,
where W131A and W131 are the wave aberration coefficients for the aspheric and the base sphere of the secondary mirror respectively. Equation 7 implies that there is a pivot point for the secondary mirror about which we can rotate it and coma will remain zero across the field.
The pivot point can be found as the intersection point of a line, connecting the center of curvature to the vertex of the aspheric, and the reference axis. Since coma will be zero at every point in the field, we can choose the center of the image field to be at one of the nodes of the binodal astigmatism. To align the system, it is not enough just to make coma zero across the field. If the system is not aligned, astigmatism is binodal and the image plane is tilted.
Therefore during the alignment, it is advisable to examine either the astigmatism of the system or the image plane tilt. We know that when an aspheric is added to a surface, all first-order properties (and the Petzval term) remain unchanged.
The aberration center of the aspheric contribution will be displaced from the center of the image field and will be centered along the line connecting the vertex of the aspheric cap with the center of the pupil. The relative displacement of the aberration field in the image plane due to the aspheric is given by (6) where 6VA is the displacement of the aspheric ca]D vertex from the reference axis, y* is the paraxial height at the surface for the OAR and y is the chief ray height at the surface in the centered system.
The aspheric surface can be treated as a system with two surfaces (the aspheric cap and the base sphere), each of them producing its own displacement of the aberration field center in the image plane. _ A special case for the aspheric surface is when the aperture stop is at the surface (y = 0).
For off-axis aspherics, the aspheric cap is intentionally decentered with respect to the aperture stop.
In this case the center of the aberration field due to the aspheric cap is at infinity and the aberrations, uniform over the field, will be generated due to the displacement of the aspheric cap vertex from the center of the stop.
As an example to demonstrate the approach described above applied to a two-asphericmirror system, we chose the misaligned Ritchey-Chretien telescope.
The stop will remain centered on this axis. The effect of tilt and decentration of the secondary mirror is the introduction of coma which is constant in both magnitude and orientation across the field, and binodal astigmatism.
We can tilt the secondary mirror to make coma zero across the field. The condition for this is given by W 131 a -W 131 A aA = (7) where Wjo lA and W L31 are the wave aberration coefficients for the aspheric and the base sphere of the secondary mirror respectively. Equation 7 implies that there is a pivot point for the secondary mirror about which we can rotate it and coma will remain zero across the field.
The pivot point can be found as the intersection point of a line, connecting the center of curvature to the vertex of the aspheric, and the reference axis. Since coma will be zero at every point in the field, we can choose the center of the image field to be at one of the nodes of the binodal astigmatism. To align the system, it is not enough just to make coma zero across the field.
If the system is not aligned, astigmatism is binodal and the image plane is tilted. Therefore during the alignment, it is advisable to examine either the astigmatism of the system or the image plane tilt.
This approach also can be applied to design an unobscured aperture telescopes.
The designer should be able to predict systematically what the aberrations over the entire field for a proposed system would be.
The thin lens
The thin lens (where the surfaces are in contact and the centers do not coincide) has an axis which is the line passing through the centers of curvature.
In addition the thin lens has a vertex which is the intersection of the axis with the lens itself.
Also, since the . thin lens has power it can be treated as a system by itself, rather than only as a component.
Since the nodal points of the lens coincide at the lens, the relative displacement of the center of the image field with respect to some axis (reference axis) does not depend on the tilt of the lens, it depends on its vertex displacement. The tilt of the thin lens will tilt the Gaussian image plane and will produce displacements of the aberration field centers of each surface which in turn produce a shifted coma field, binodal astigmatism and distortion with three third -order nodes as before.
There is another way to describe aberrations of a tilted and decentered thin lens. Since the lens has an axis, it can be considered as a centered system for which the aberration coefficients can be easily calculated.
The effect of tilt and decentration is the displacement of the pupil with respect to the lens axis, which is the reference axis of the system.
In this case there are no new types of aberrations, instead the pupil dependence in the wave aberration expansion is modified rather than the field dependence. Treating the thin lens as a centered system with eccentric pupil is easier than as the tilted and decentered system, since the perturbation vectors depend only on the relative displacement vector of the pupil and the wave aberration coefficients of the thin lens for the centered system.
We know that aberrations of a thin lens depend on the lens shape factor. Therefore we should expect the variation of aberrations with the lens shape factor for the thin lens with the eccentric pupil too.
This dependence was examined in detail. 3 Here we present a few results.
Let us consider the thin lens system with the stop at the lens and magnification factor being zero (Y = 0), and vary the lens shape factor (X).
Then the location of the aberration field nodes will vary too. The dependence of perturbation vectors on the lens shape factor is shown in Figure 9 .
We can see from this figure that when X = 0, the coma node is at infinity, i.e., coma is constant. Astigmatism is binodal with the nodes located symmetrically with respect to the center of the image field.
When X = ?n2 the node for c9ma lies at the center of symmetry of binodal astigmatism. Since the sign of the vector Z22 is negative, the nodes of binodal astigmatism lie on the line orthogonal to the pupil displacement vector.
We know that the aberration coefficients for coma and astigmatism of a thin lens depend on the longitudinal stop shift (shift along the reference axis).
We can move the stop to the location at which coma for the thin lens with pupil centered on the lens axis is zero. Then for thin lens with eccentric pupil, coma will become constant across the field with the magnitude determined by spherical aberration of the thin lens and orientation in the field determined by the pupil displacement vector.
Astigmatism in this case is binodal with the nodes located symmetrically with respect to the center of the image field. The dependence of perturbation vector for the binodal astigmatism in this case is shown in Figure 10 .
When X = 0, the constant coma will have its smallest value (minimum for s Oprical aberration) and astigmatism will be the ordinary quadratic astigmatism 0).
When X = ±n2 (astigmatism of centered system is zero), the nodes of binodal astigmatism move to infinity, resulting in constant astigmatism.
The magnitude and the orientation of line foci will depend on magnitude of spherical aberration and the orientation of the pupil displacement vector respectively, as for constant coma.
Design examples Example 1 Two plane -parallel plates are placed in the system with specifications: u = -.125, u = .1 and f-number = F /4. The thickness of each plate is 20mm and their glass is BK7. The plates are cross -tilted by an angle of 10° with respect to the reference axis.
The aberrations of the system and the plates are balanced when plates are untilted.
Coma
should be constant; astigmatism should be linear with the node at the center of the field.
The aberration center displacement vectors are Al = 1.763 e1180°a nd á2 = 1.763 e -190 °. We calculated the magnitude and direction of coma.
At full aperture the wave aberration for coma is 1.405um and its direction is -135 °.
Then the transverse ray aberration is 33.72um.
For linear astigmatism its magnitude with respect to the medial focal surface at This approach also can be applied to design an unobscured aperture telescopes. The designer should be able to predict systematically what the aberrations over the entire field for a proposed system would be.
The thin lens
The thin lens (where the surfaces are in contact and the centers do not coincide) Has an axis which is the line passing through the centers of curvature.
Also, since the thin lens has power it can be treated as a system by itself, rather than only as a component.
Since the nodal points of the lens coincide at the lens, the relative displacement of the center of the image field with respect to some axis (reference axis) does not depend on the tilt of the lens, it depends on its vertex displacement.
The tilt of the thin lens will tilt the Gaussian image plane and will produce displacements of the aberration field centers of each surface which in turn produce a shifted coma field, binodal astigmatism and distortion with three third-order nodes as before.
We know that aberrations of a thin lens depend on the lens shape factor.
Therefore we should expect the variation of aberrations with the lens shape factor for the thin lens with the eccentric pupil too.
Then the location of the aberration field nodes will vary too.
The dependence of perturbation vectors on the lens shape factor is shown in Figure 9 . We can see from this figure that when X = 0, the coma node is at infinity, i.e., coma is constant. Astigmatism is binodal with the nodes located symmetrically with respect to the center of the image field.
When X = ±n2 the node for c^ma lies at the center of symmetry of binodal astigmatism.
Since the sign of the vector $222 is negative, the nodes of binodal astigmatism lie on the line orthogonal to the pupil displacement vector.
When X = 0, the constant coma will have its smallest value (minimum for spherical aberration) and astigmatism will be the ordinary quadratic astigmatism ( 222 = °)' Wnen x = ±n2 (astigmatism of centered system is zero), the nodes of binodal astigmatism move to infinity, resulting in constant astigmatism.
The magnitude and the orientation of line foci will depend on magnitude of spherical aberration and the orientation of the pupil displacement vector respectively, as for constant coma. The thickness of each plate is 20mm and their glass is BK7 . The plates are cross-tilted by an angle of 10° with respect to the reference axis.
The aberrations of the system and the plates are balanced when plates are untilted. Coma should be constant; astigmatism should be linear with the node at the center of the field.
The aberration center displacement vectors are a l = 1.763 e il80° and a 2 = 1.763 e~~i90°. We calculated the magnitude and direction of coma.
At full aperture the wave aberration for coma is 1.405ym and its direction is -135°.
Then the transverse ray aberration is 33.72ym.
For linear astigmatism its magnitude with respect to the medial focal surface at full aperture and field is 1.450m (wave aberration).
The transverse ray aberration is 46.5um.
The ray fans and corresponding spot diagrams for the system with two cross -tilted plates are shown in Figure 11 .
As we can see from this figure, on axis we have pure coma oriented -135° from the y -axis. For points off -axis, the magnitude and the orientation of coma is the same, but the amount of astigmatism increases as we move farther from the center of the field. Figure 12 shows the field curves of linear astigmatism. Indeed, the node is located at the center of the field. Dependence of perturbation vectors for coma and astigmatism on the lens shape factor.
The stop is shifted to correct coma. full aperture and field is 1.45ym (wave aberration).
The transverse ray aberration is 46.Sum. The ray fans and corresponding spot diagrams for the system with two cross-tilted plates are shown in Figure 11 . As we can see from this figure, on axis we have pure coma oriented -135° from the y-axis.
For points off-axis, the magnitude and the orientation of coma is the same, but the amount of astigmatism increases as we move farther from the center of the field. Figure 12 shows the field curves of linear astigmatism. Indeed, the node is located at the center of the field. 3000] -3000 Figure 9 .
Dependence of perturbation vectors for coma and astigmatism on the lens shape factor.
The stop is at the lens. Dependence of perturbation vectors for coma and astigmatism on the lens shape factor.
The stop is shifted to correct coma. y'4 * 2 /2L 2 I°" 2 I = ^' a i and CTJ-J-are the structural aberration coefficients for spherical aberration and astigmatism after the stop shift in the centered system; $ s is the stop shift parameter. The wedges are placed in the system with the same specification as in first example. The wedges are identical with vertex angle 2°, their glass is BK7 and they are tilted in the same plane in opposite directions. We choose the distance from the object to the plane bisecting the first wedge to be R1 = 120mm and its thickness along OAR ti = 20mm. For the second wedge we set R2 = 75mm.
Then to have the same ratio t/R for the second wedge its thickness must be 12.5mm.
The angles with respect to OAR by which we shoutd tilt the wedges to cancel coma across the field are T3; _ .487e10 and = .505e1180 Astigmatism should be constant in magnitude and orientation at any point in the field.
The magnitude of astigmatism with respect to the medial focal surface at full aperture is 13om.
Then the transverse ray aberration is 420um.
The ray fans and corresponding spot diagrams for the system with two tilted wedges are shown in Figure 13 .
Coma is practically zero; astigmatism is nearly constant across the field.
Small linear astigmatism is present due to the error arising from the fact that the wedges were tilted by large angles (about 26 °) and paraxial equations were used for the theoretical calculations. Ray fans and spot diagrams for the system of Example 2. Example 3 As the last example, we examine the case of a misaligned Ritchey -Chretien telescope.
The telescope is an F /9, 2m aperture system with 0.64°full field of view.
The prescription and paraxial ray trace for this system are given in Table 1 .
We found the location of the pivot point for the secondary mirror such that upon rotating the mirror about this point, coma should stay zero across the field.
The distance from the secondary mirror to the pivot point is 1384.45mm. We tilt the secondary mirror by an angle of 10 arc min (a = .1667e10 )
The Gaussian image plane tilt with respect to the reference axis is 6' = 1.249 x 10-2e10 °.
As we know, astigmatism °should be binodal., We calculated the location of the nodes.
They are n1 = .47116e10 and i2 = -.010123e" . The misaligned Ritchey -Chretien telescope is shown in Figure 14 .
The ray fans and corresponding spot diagrams for misaligned telescope are shown in Figure 15 . They were taken at the nodes and half way between them. The nodes are indeed at the locations calculated and one can clearly see that there is astigmatism half way between the nodes. Figure 16 shows the upper part of the field curves of the misaligned system.
In the case of binodal astigmatism the focal surfaces do not cross each other; they only touch at the node points. Therefore in Figure 16 , the solid line and the dashed line should be interchanged in the region between the nodes.
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The wedges are placed in the system with the same specification as in first example. The wedges are identical with vertex angle 2°, their glass is BK7 and they are tilted in the same plane in opposite directions. We choose the distance from the object to the plane bisecting the first wedge to be A I =-120mm and its thickness along OAR t l -20mm. For the second wedge we set £ 2 = 75mm.
Then to have the same ratio t/£ for the second wedge its thickness must be 12.5mm.
The angles with respect .to OAR by which we sjioufd tilt the wedges to cancel coma across the field are $^ = .487e 10 and $ ^ = ,505e 1180 . Astigmatism should be constant in magnitude and orientation at any point in the field.
The magnitude of astigmatism with respect to the medial focal surface at full aperture is 13pm. Then the transverse ray aberration is 420pm.
Small linear astigmatism is present due to the error arising from the fact that the wedges were tilted by large angles (about 26°) and paraxial equations were used for the theoretical calculations. Figure 13 . Ray fans and spot diagrams for the system of Example 2.
Example 3
As the last example, we examine the case of a misaligned Ritchey-Chretien telescope. The telescope is an F/9, 2m aperture system with 0.64° full field of view. The prescription and paraxial ray trace for this system are given in Table 1 .
The distance from the secondary mirror to the pivot point is 1384.45mm. We tilt the secondary mirror by an angle of 10 arc mi n (& = ,1667e l0°). o The Gaussian image plane tilt with respect to the reference axis is $' = 1.249 x 10~2 e l0°.
As we know, astigma t ism 0 should be binodal.. 0We calculated the location of the nodes.
They are fl x = .47116e 10 and 3 2 = -,010123e 10 . The misaligned Ritchey-Chretien telescope is shown in Figure 14 .
The ray fans and corresponding spot diagrams for misaligned telescope are shown in Figure 15 . They were taken at the nodes and half way between them.
The nodes are indeed at the locations calculated and one can clearly see that there is astigmatism half way between the nodes. Figure 16 shows the upper part of the field curves of the misaligned system.
In the case of binodal astigmatism the focal surfaces do not cross each other; they only touch at the node points. Therefore in Figure 16 , the solid line and the dashed line should be interchanged in the region between the nodes. Field curves for misaligned Ritchey-Chretien telescope. Figure 15 .
Ray fans and spot diagrams for misaligned Ritchey-Chretien telescope.
Conclusion
This paper has described third-order aberrations of simple optical components and established the relations between their aberrations and their parameters.
Emphasis has been placed on developing insights into the behavior of aberrations of a system with tilted and decentered components.
These insights can be used to describe third-order aberrations in the system over the entire field.
By comparing a few examples with corresponding real ray traces, we showed that the theory developed here is accurate enough to provide the designer with a system which can be used as an effective starting point in an optimization process.
